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1 Introduction 



Let (M, • , ( , Ye, E) be a semisimple Frobenius manifold of dimension n. With 
such an objeclPlone can associate (see [5]) a formal series 

^ = ^^- 2 J- 9 (t) (1.1) 

called free energy of the Frobenius manifold (in the framework of the theory of 
Gromov-Witten invariants its exponential is also called total descendent poten- 
tial). Here 

t = (t Q >f), a = l,...,n, p = 0,1,2,... 

are coordinates on the large phase space. They coincide with the time variables 
of the associated integrable hierarchy of topological type (see [5] , [7] ) . The partic- 
ular coordinate x := t 1 ' plays the role of the spatial variable of the integrable 
hierarchy. The independent parameter e in physics literature is called string 
coupling constant. Restricting the free energy onto the small phase space 

F g (t ' , . . . , t n ' ) := T 9 (t)| t -y,»>=o (p>o)i 

one obtains the generating function of the genus g Gromov-Witten invariants. 
In particular the function Fo(t), t — (t 1,0 , . . . , t n '°) , coincides with the potential 
of the Frobenius manifold. 
Denote 

a particular set of the genus zero correlators. A remarkable property of the 



genus expansion (1.1 1 says that the higher genus terms can be represented in 
the form 



where 



F g (t)=f g (v(t),v x (t),...,v^- 2 Ht)), g>l (1.2) 

v(t) = (v l (t),...,v n (t)) 

(raising of the indices is done with the help of the flat metric on M). Exis- 
tence of such a representation first conjectured in [8] follows from vanishing 
of certain intersection numbers on the moduli space of stable maps |16j ; in a 
more general setting it can also be derived from the bihamiltonian recursion 
relation of the associated integrable hierarchy of topological type [5] . The func- 
tions T a (v, v x , . . . , t/ 3 s~ 2 )) for g > 2 depend rationally on the jet variables v x , 
. . . , u( 3 f -2 ) while the expression for P\{v, v x ) involves also logarithms (see the 
formula ( 2.11[ ) below). In sequel the hats will be omitted. 



In [S] an algorithm was developed for computing T g (y, v x , . . . , v^ 3g ~ 2 ^ with 
9 > 1 by recursively solving the so-called loop equation. In particular an explicit 
formula for the genus two free energy Ti = ^{v, v x , v^ 2 \ v^) is given for 
any semisimple Frobenius manifold. This formula (for convenience of the reader 
we reproduce it in the Appendix [B] below) is represented in terms of the Lame 
coefficients, rotation coefficients and the canonical coordinates of the Frobenius 



1 It also depends on the choice of a so-called calibration of the Frobenius manifold, i.e., the 
choice of a basis of horizontal sections of the deformed fiat connection on M. See [5] for the 
details. 
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manifold, which are not easy to compute for a concrete example. In this paper, 
we show that can be rewritten as summation of two parts: the first part is 
given by correlation functions which is easy to compute in the flat coordinates, 
while the second part is still represented in terms of the rotation coefficients and 
the canonical coordinates, but it vanishes in many examples such as the simple 
singularities and the P 1 -orbifolds of ADE type. 

Let us proceed to formulation of the main statements of the present paper. 

Theorem 1.1 Let M be a semisimple Frobenius manifold of dimension n. De- 
note J-~2 the genus two free energy for M given by the formula (3.10.114) from 
fSj], see the formula given in Appendix B. Then 

16 

Fi = ^CpQp + G (2) (u, u x ,u xx ). (1.3) 
P =i 

Here each term Q p corresponds to one of the following sixteen graphs 




Qio Qn Q12 



3 





113 Wfl4 




o o 



Q15 Q 



16 



The constants 



Cl ~°' C2 --^ C3 -5f60> C4= lT52' 
1 1 1 

c 5 = T^TT, c 6 = 0, C 7 = T^7:, C 8 



2880' ' 1920' 2880' 

1 1 1 1 

C9 ~~1920' Cl0 ~ 1920' Cll_ 1920' ° 12 ~ ~960' 
1 1 7 7 

C13--^, C 15 -~ — , C 16 --. 

TTie function G^'{u,u x ,u xx ) called the genus two G-function of the Frobenius 



manifold. An explicit expression (A.l) of this function in the canonical coordi- 



nates U\, ...,M n is given in the Appendix\fi\ 

Before formulating the rules for computing the contributions of the sixteen 
graphs let us explain their realization as dual graphs of stable curves of (arith- 
metic) genus 2. Recall (see, e.g., [2D]) that dual graphs are used to encode a 
certain class of singular algebraic curves with marked points. Vertices of the 
graph correspond to the irreducible components of the curve. The genus of the 
normalization of such a component is called the genus of the vertex. On our 
sixteen graphs the components of genus zero are shown with bullets; the com- 
ponents of genus 1 are shown with circles. All singularities of a stable curve 
are at most double points. Points of intersection or self-intersection of these 
components correspond to the edges of the dual graph while the marked points 
are associated with the legs. The arithmetic genus of the stable curve is equal to 
the sum of genera of the vertices plus the first Betti number of the dual graph. 

We are now ready to formulate the rules for computing the contribution of 
a dual graph. Let T g — T g ($) be the genus g — 0, 1 free energy of M, and 

d 

a = 1, . . . , n, p>0 



dt a <P ' 

be the tangent vector fields on the big phase space. We introduce a matrix 

a<i dt 1 * dt a >° cW# ' 
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and denote (M -1 )"^ its inverse. Here and in sequel summation w.r.t. repeated 
upper and lower indices is assumed. The diagram rules are formulated in the 
following way: 

i) Bullets (•) correspond to Fq] 

ii) Circles (o) correspond to F\, 

hi) Edges correspond to {M^ l ) aa ' q§^o ® g^', 

iv) Legs correspond to g^a- 

It is understood that all differential operators corresponding to the edges and 
legs act first on the vertices J-"o or T\ and all contractions with the matrix M _1 
have to be added at the very end. So, for example, the terms Qi, Q 2 , Q15, Qw 
are given by 

= nn,o mi,o «+a,o n+ a >o a+b,o aWfi ( M ) ( M ) , ( L4 ) 



O, = fM" 1 )""' (M- 1 ) 13 ?' fM" 1 ) 77 ' 



dt 1 ' dt 1 ' dt a '° dt a '>° dtP>° dtP' 
d^Fo 

dt 1 ' dt a '° dtf>>° dti' 1 

d^Fo 

dtWdtWdt^'OdtWdrr'' ' 
34 



(1.5) 



= WTo Jo Jo ^,0 (M-r»\M-y?' (1.6) 

a2r ax- 

Other Qp's can be computed in a similar way. 

Let us now describe the characteristic properties of the above sixteen graphs 
that distinguish them from other graphs. For a graph Q, denote N v (Q),N e (Q), Ni(Q) 
the number of its vertices, edges and legs respectively. Let v\ , . . . , v m with 
m = N V (Q) be the vertices of the graph. We also denote g(vi), n(vi) the genus 
and valence of the vertex Vi. Finally, B\(Q) will denote the first Betti number 
of the graph Q. 

The above sixteen graphs are selected from the set of connected graphs by 
requiring that each of these graphs satisfies the following properties: 

1. It is the dual graph of a stable curve of arithmetic genus two. This property 
is equivalent to the conditions that the graph is planar, and the valence 
and genus of its vertices satisfy the constraint 2g(vi) — 2 + n(vi) > and 

m 

$>(«i)+£i(Q)=2. 
1=1 

2. The number of edges and the number of legs are equal to N V {Q)+B\{Q) — 
1. This property is equivalent to the Euler formula for the graph 

N e (Q)-N v (Q) + l = B 1 (Q) 

together with the condition that the function associated to Q, defined as 
above, must have degree two with respect to the jet variables d%v a , i.e. 

m 

^2(2g( Vi ) - 2 + n(vi)) - N e (Q) = 2 . 
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Recall that, according to [TJ [3] such a function can be represented as a 
rational function of the jet variables d^.v a , p>l, and its degree is defined 
by assigning degree p to d§v a , a = 1, . . . , n. We also note that 

m 

J2n(vi) = 2N e (Q) + Ni(Q), 



3. Cutting of an edge connecting two genus zero vertices does not destroy 
the connectivity of the graph. A graph with this property is called to be 
one-particle irreducible (1PI) in physics literature. 

4. There is at most one vertex with valence n(vi) = 3 — 2g{vj) in the graph. 
Moreover, if the graph contains only one genus one vertex, then the valence 
of each of its vertices Vi satisfies n{vt) > 3 — 2g(vi). 

Remark 1.2 If a graph Q is obtained from a graph Q by adding a genus zero 
vertex with a leg in the middle of an edge of Q, then the functions associated to 
Q and Q are equal. This follows immediately from the above definitions. So we 
will view the new graph Q as same as the old one Q. 



The main point of the decomposition ( 1.3 ) of the genus two free energy into 
a sum of 16+1 terms is the following 

Lemma 1.3 The restrictions of the terms Q\, . . . , Q\§ onto the small phase 
space vanish. 

The proof of the lemma easily follows from the above explicit expressions, 
the following rules of restricting the jets 

Vx Ismail phase space ~~ e > v ^Ismail phase space ~~ ^ ^ — 2, 
and the identity 

d e G = 

(see details in [5]). Here e is the unit of the Frobenius manifold and G is the 



G-function of the Frobenius manifold that appears in (2.11) below 



Thus, the part of the free energy "responsible" for the would-be genus two 
Gromov-Witten invariants (i.e., with no descendents) is entirely contained in 
our genus two G-function. 

Another important feature of the genus two G-function can be observed in 
the analysis of important examples coming from singularity theory and orbifold 
Gromov-Witten invariants. In the present paper we consider the two classes of 
examples: first, the case of simple singularities and, the second, the Gromov- 
Witten invariants of P 1 -orbifolds with positive Euler characteristic. Both classes 
of examples are associated with Dynkin diagrams of ADE type. The connec- 
tion of the simple singularities with the ADE Weyl groups is well known. The 
Frobenius structure on the base of universal unfolding in this case can be con- 
structed with the help of K. Saito theory of primitive forms [23]. The integrable 
hierarchies of topological type coincide with the Drinfeld-Sokolov ADE hierar- 
chies jTB] EH ■ The associated cohomological field theory was constructed in 

[mm mm us ni]. 
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The case of P 1 -orbifolds is relatively more recent. In this case one deals 
with the P 1 -orbifolds of positive Euler characteristic. Hence there are at most 
three orbifold points with multiplicities p, q and r. These positive integers must 
satisfy 

1 1 1 , 

- + - + - > 1. 
p q r 

Such an inequality has only finite number of solutions given in the following 
table 

(p, q, r) Dynkin diagram 

(P, 1, 1) K-q 
(2,2,r) Dr+2 
(2, 3, r) E r+3 

The second column of this table refers to the so-called extended affine Wcyl 
groups of ADE type. The Frobenius manifolds in these cases were constructed 
in [3J • The construction depends on the choice of a vertex of the Dynkin dia- 
gram. A connection between these Frobenius manifolds and the orbifold quan- 
tum cohomology of the P 1 -orbifolds was discovered in [21] for the A p ^ q case 
and in [22 for other Dynkin diagrams. Also an important connection of these 
Frobenius manifolds with Frobenius structures on the spaces of the so-called 
tri-polynomials (see below) was established in [55] (the role of tri-polynomials 
in the homological mirror symmetry was unraveled in |25|). 
The main conjecture of the present paper is the following 

Conjecture 1.4 If M is the Frobenius manifold obtained from the genus zero 
Fan-Jarvis-Ruan-Witten (FJRW) invariants theory for ADE singularities, or 
the genus zero Gromov-Witten invariants theory for V 1 -orbif olds of ADE type, 
then 

G^(u,u x ,u xx )=0. (1.8) 

Remark 1.5 In FJRW theory there is also involved a symmetry group G. We 
assume that the singularities and their symmetry groups are chosen so that the 
corresponding Frobenius manifolds coincide with the usual ones constructed from 
the singularities of the same type fJj/. In particular, when the singularities are of 
A and E type, or D type with even Milnor number, the group G can be chosen as 
the minimal one (J). For the singularities of D type with odd Milnor number, 
one need to start with the mirror of D n , i.e. £)„ = x n ~ 1 y + y 2 , and choose 
the group G to be the maximal one G max . The reason is that the FJRW theory 
is a A-model theory, while the construction given in [1] from singularities to 
Frobenius manifolds is on the B-side, so there is mirror symmetry phenomenons 
between them. For more details, see \DA \15f . 

The main conjecture can also be formulated in the following way. 

Conjecture 1.6 If M is the Frobenius manifold associated to ADE singularity 
or the extended affine Weyl groups of ADE type, then 

G^(u,u x ,u xx ) = 0. (1.9) 

The validity of this Conjecture has been verified in many examples; the main 
goal of the present paper is to explain the tools relevant for such a verification. 
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Remark 1.7 In JP[ I lUjj formulae for the genus two free energies for the Frobe- 
nius manifolds associated to A 2 singularity and to the extended affine Weyl group 
W(A{) are given. They have the following graph representations respectively 



— Qi 

1152 W1 
1 



T 2 = 

= — — Qi 
2 1152 W1 

Here W 1 ,W 2 ,W l 



1 

360 
1 



Q 3 

1152 ^ 6 

1 



Q2 Q3 

360 ^ 1152 ^ 6 

^3 are the graphs 



360 ° 4 ' 
1 



- — w 2 + w 3 . 

5760 2 5760 3 





Wi 



w 2 



w 3 



When computing the coefficients c p for our examples, we find the following 
interesting identity. 

Theorem 1.8 If M is the Frobenius manifold obtained from the genus zero 
FJRW invariants theory for ADE singularities, or the genus zero Gromov- 
Witten invariants theory for V 1 -orbif olds of AD type, then 



(Qi - Q 8 ) + 2(Q 7 - Qb) + 3(g 8 - Q2) 

+ 4(Q 9 - Qs) + 6(Q 4 + Qio - Qn - Q12) = 0. 



(1.10) 



The identity (1.10 1 holds also true for an arbitrary two-dimensional semisimple 



Frobenius manifold (i.e., for a topological field theory with two primary fields in 
the terminology of |10j ) as well as for the three-dimensional Frobenius manifolds 
on the orbit spaces of Coxeter groups of type B3 or H3 . It is interesting to find 
out in general the necessary and sufficient conditions for validity of this identity. 

The paper is organized as follows. In Section |2.1| we recall first some basic 
properties of semisimple Frobenius manifolds and their genus zero, one and two 
free energies. Then we give a proof of Theorem |1.1| In Section |2.2| we prove the 
Theorem |1.8| In Section |2.3| and |2.4| we give some general formulae in order to 
calculate the rotation coefficients for Frobenius manifolds arising in singularity 
theory. In Section [3] we present more explicit formulae for the rotation coeffi- 
cients case by case for simple singularities of ADE type and for P 1 orbifolds 
of A and D type, and provide evidences to support the validity of the conjec- 
tures. In the Appendices we give the formulae for the function (u, u x , u xx ) 



that appear in (1.3) and for the genus two free energy of semisimple Frobenius 



manifolds that is given in [5]. 
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2 General Results 



2.1 Proof of Theorem O 

For a semisimple Frobenius manifold M n , we denote v 1 , . . . ,v n the flat coordi- 
nates, ( , ) its flat metric, 

and F(v) — F(v , . . . , v n ) its potential. The canonical coordinates Ui, ■ . ■ , u n 
are defined so that the multiplication table defined on the tangent spaces is 
given by 

d d d 

dui duj dui 

In the canonical coordinates the flat metric takes the diagonal form 

n 

a,p i=l 

Denote 

hi = hi(u) = y/rju, i = l,...,n 

the Lame coefficients of the diagonal metric for some choice of the signs of the 
square roots. Define the rotation coefficients 7^ = jji by 

1 dh i t --L- 

hi dui 

The nonzero Christoffel symbols of the Levi-Civita connection for the flat metric 
in the canonical coordinates are written in the following table 

-E"=i7iiH7, i=j = k; 

The canonical and the flat coordinates of the Frobenius manifold are related 
by the following equations 



U-v 1 ' y,„ > 
fe=i 

We denote 



_Vr fc — — . (2.2) 



hi{u) dui 

where summation w.r.t. repeated upper and lower Greek indices is assumed. 
Assuming that the unit vector field of the Frobenius manifold is e = gp- , then 

<pii = h (2.3) 
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and 

_ d 3 F(v) _ -A llljglpiplpij 

The following formulae [T] will be used below to represent the correlation func- 
tions in terms of the canonical coordinates 

dv a dUi Via 

dt/j ia dlp ia , ,,,, 

"5 =likVka, 1 T k > "5 = - ) likVka, (2.5) 

-TT^- = liklkj, 1,3, k distinct, — ^ = * i. 

aufe craj Ui — Uj 

The principal hierarchy associated to the Frobenius manifold is a hierarchy 
of integrable Hamiltonian systems of hydrodynamic type 

Here 2) = X) P >o @a,p(v)z p , a = 1, . . . ,n are related to the flat coordinates 
of the deformed flat connection of the Frobenius manifold. They satisfy the 
conditions 

9 a (v;0) = r? Q7 w 7 , 

(V9 a (v, -z),V9 a (v, z)) =r) a i3, 

d a d/36 y (v; z) = zc^d^9 7 (v; z), 

E(dp6 atP (v)) =pdp6 aiP {v) + pFJ)p0 ltP (v) + (fyd^Oa^v) 

p 

+ (Ro)} d 7 8 a , p {v) + d 6^ k (v) (R k )l , 

k=0 

where E is the Euler vector field of the Frobenius manifold which has the fol- 
lowing representations in the flat coordinates and in the canonical coordinates 
respectively 

n Pi n Pi 

E = YE a (v)^=Yu~, 

a—l i—1 

and /t and Rq are the semisimple and nilpotent parts of the antisymmetric 
constant matrix V = (V?) with 

_ 2 - d dE«(v) 

The constant matrices Rq , Ri , . . . R m (m is a certain integer depending on the 
Frobenius manifold) form part of the monodromy data of the Frobenius manifold 
at z — (see pQ for detail), they have the properties 

{R k )li ll p = {-l) k+1 {R k )}T lia , [fi,R k } = kR k , k = 0,l,...,m. 
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The potential F(v) can be chosen in such a way that the functions 9 a ,i(v) have 
the expression 

8 a .i(v) = d a F(v), d a = —. 
Thus the first set of equations of the principal hierarchy reads 
dv a _ Q £ / \ r\i .., dv 



^,o=1 with ^To =u "' a >^ = n - 

By using the above formulae we get the following formula for solutions of the 
principal hierarchy: 

dui dv a dm ( u itX , if i = j, ,„ 



9^ Tl r 10, if i ^ j 

Moreover, for higher jets — d^Ui denote 

Then the following recursion relation holds true 

r ;'' ^ r ; ; ' ; >JV-' '. i,j 1 n,p ; 1. (2.8) 

k 

Using this recursion relation one can represent Uj' p in terms of jets with 
m > 1, the rotation coefficients 7^ and the Lame coefficients hi, starting from 
Uj' = 5jUj lX . Such expressions will be useful in dealing with differential oper- 
ators of the form 

dv a d = x - j tP d 
d u dt a <° ^ 1 ft v (P) ' 

1 p>0 au j 

The topological solution v(t) = (w 1 (t), . . . , v n (t)) of the principal hierarchy 
is determined from the system of n equations 

J2 t a ' p V8 a , p = 0, t a - p = t a - p - 8^S P . 

By using the topological solution v(t) one can define the genus zero free energy 
J-o = J-o(t) of the Frobenius manifold PQ satisfying the equations 

WWm^ = ^ m)M *i> «^''y = l,...,n, (2.9) 

where 

M ?7 = c ilp (v{t))v p x . 



Remark 2.1 By taking a = 1 in (2.9 1, we see that the matrix Afg 7 coincides 



with the one appeared in the definition of the sixteen diagrams of Theorem 
so we use the same notation. 
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Observe the following useful formula for the entries of the inverse matrix 



(M-T^t^^—- (2-10) 

2—1 L ' 

We also need to use the genus one free energy .Fi(t) which is defined for a 
semisimple Frobenius manifold by the following expression 

1 " 

•^i(t) = F 1 (u,u x )\ vCt=va{t) with F 1 (u,u x ) = —^2logu hX + G(u), (2.11) 

i=i 

where the function G is called the G-function of the Frobenius manifold. It is 
given by a quadrature due to the following equations [3] 

dG(u) 1 ^ 2 1 ^ (hi h k \ 



dm J,ni 24 '** \h k hi 

In order to write down the correlation functions in terms of canonical coor- 
dinates, let us introduce the following notation 

_ d m \F (t) dv ai dv a2 dv a ™ 



dt«u OQt^fi . . . dt a ™>° du h du l2 du t 
d m F 1 {t) dv ai dv° 2 dv° 

Uii ,ii i„ 



dtai ,0Q t a 2 ,0 Q t a m ,0 Q u ^ Q u . 



for the indices 1 < i±, . . . , i m < n. Then we have 



c ili2i3 = l^ Ui ^ if ^ 1 = i2 ^ 3 ; D^yur dF ^\ (2.i3) 

»i,*a,*3 |^o, other cases ' ^—^ q u (p) x ' 



p=0 ua j 



By using the relation (2.2) we obtain the following recursive formula 

n m — 2 



v _ \ \ ^ " A ii,-,i m v k 'P 

^n,i 2 ,...,i m+1 - 2^ 2^ du ( P ) *imi 



k=i P =o 9u k 

m 

~ ^ti > ...,tfc_i,s,t fc+ i,...,» m r ifcim+1 «i m+1 ,i (2-i4) 

which is valid for X = C and X = D. 

Proof of Theorem \l.l\ Since the genus two free energy F 2 given in [5] is repre- 
sented as a rational function of the canonical coordinates itj, their x-derivatives 
= d^Ui, the rotation coefficients 7^ and the Lame coefficients hi, in order 
to prove the theorem we need to represent the functions Q\, . . . , Q\q that are 
associated to the 16 dual graphs as rational functions of the above mentioned 
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variables. In fact, for the functions Q\ and Q\§ defined in (1.4), (1.7) we have 



Qi = 



E 



dv ai dv c 



E 



i 



,2 



i it 31 - x 

a 6 Jo 



•"21 "j 2 "22,2: 



H)i2i2i,22=l 



du H du, 2 dt a i>° dt a ^° dt a >° dt a '>° dtf 3 ^ dtP'>° 

i a« Q dv a ' i a^ a«' 3 ' 



E 



»1,»2 ,2l ,21,22 ,22 
»l,»2,Jl,22 = l J1 J2 J J 



and 



Q 



16 



a 2 Jj 

QtlfiQtocfi 



E 



1 dv a dv a aFi 



ft? 



ait, aK<° 



^ dt^°dt a '° duj h%Ui, x du, dm dt a '$ 



E 

i ,2 = 1 

A A-D 

i,2=l 



a 2 J"i a?;' 3 1 dv a dv a ' dTx 



Here we used the identity 



^ dv~ 

1=1 



dv 1 



since the unit vector field e of the Frobenius manifold equals g|r = X)"=i at 7 



From the formulae ( 2.5 )— ( 2.14 1 it follows that the functions £11,12,21.21,22,22) 
A, A,j can also be represented as rational functions of the canonical coordinates 



their ^-derivatives 



» _ 



a^iti, the rotation coefficients 7^ and the Lame 
coefficients hi. In a similar way we can similar expressions for other functions 
Q2, ■■■Qi5- Now by subtracting the linear combination of the 16 functions 



Qi, . . . ,Qi6 that appear at the r.h.s of (1.3) from the one given by the l.h.s. 
of (1.3), we get the needed expression for G^(u, u x ,u xx ) by a tedious but 



straightforward computation. The theorem is proved. 



2.2 Proof of Theorem Q 



In this section, we reduce the identity (1.10) to an easier one (2.17) 
Lemma 2.2 Let V be a dual graph, and x = t ' . Then 



d x r = E r - 

v. vertex of T 



E r e 

e: edge of T 



(2.15) 



where T v is the dual graph obtained from T by adding a new leg on the vertex v, 
and T e is the dual graph obtained from T by adding a new vertex of genus zero 
with two legs on the edge e. 
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Proof The dual graph T corresponds to the product of several multi-point 
correlation functions and the inverse of the matrix M. According to the Leibniz 
rule, when the operator d x acts on multi-point correlation functions, we obtain 
terms that appear in the first summation of the r.h.s. of (2.151, and when it 
acts on the inverse of M , we obtain terms that appear in the second summation. 
The lemma is proved. □ 
Let us introduce the following dual graphs: 




Pi P2 P3 






Ox 2 
The we have the following lemma. 

Lemma 2.3 The following identities hold true 

2Q 3 , 



d x Pi 
d x P 2 
d x P 3 
d x P 4 
d x P 5 



--Qz 
--Q4 



Q2 

-2 Q2 — 3 Q4, 
d x Ox =P 1 -2P 2 , 
d x 2 =P 4 + P 5 -3P 3 



Q 7 — 2 Q 9 , 
Q10 — 2 Qn — 2 Q 
3 Q107 



12- 



(Qi - Qe 
--d 2 x (0 



f 2(Q 7 -Q 5 )+3(g 8 -Q 2 ) 
4(Q 9 -Q 3 ) + 6(Q 4 + gio 



Qn — Q12) 



O, 



(2.16) 
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Proof They are easy consequences of Lemma |2.2| □ 



Lemma 2.4 For any semisimple Frobenius manifold, the following identity holds 
true 

0,-0,= ]T 7 ij \s h s • (2-17) 

l<i<7<n 1 J 

Proof The functions Oi, O2 have the following expression. 

Oji,ji,j 2 j2 n _ \ " Oi 1 j 1> j 2t j 3 Cj 1 j 2 j 3 



By using the formulae (2.13), (2.14| one can obtain that 

(/if u jtX + h? u %x ) 2 - (hf + hj)(ui iX - uj, x ) 2 



l<z<j<n "J ■* 1 2=1 * «)■*• 



° 2 2^ ^ /,•■/,•••„ „ • 



, h/- h-u^ x iij x .... 



Then one can easily see that the difference 0\ — O2 equals the r.h.s. of (2.17|. 
The lemma is proved. □ 
To prove Theorem |1.8| one only need to prove the following lemma. 



Lemma 2.5 For a Frobenius manifold associated to ADE singularities, or P 1 - 
orbifolds of AD type, the difference 0\ — O2 is always a constant. 

We will give the proof of the above lemma case by case in Section [3j 

2.3 Rotation coefficients for simple singularities 

Let / be a polynomial on C m which has an isolated critical point at 6 C m 
of ADE type. Let n be the Milnor number of /. The coordinates in C m are 
z = (z 1 , . . . , z m ). We denote d a or <9 z c the partial derivatives 

Let F : C m x B — > C, (z, t) h-> F(z, t) be a miniversal unfolding of / (avoid 
confusions with the potential of the Frobenius manifold!) where B is an open 
ball in C™. Let C C B be the caustic. For a given point t in the complement B\C 
the function F(z.t) has n Morse critical points z^(t) = (zW' 1 , . . . , z^' m ) (i = 
l,...,n), 

daF(z,t)\ z=z{l){t) = 0, a = l,...,m. 
Define the canonical coordinates u t on B \ C as the critical values 

u i (t) = F(««(t),t) 1 i = l,...,n. (2.18) 

We will often use short notations di or d Ui for the partial derivatives 

There is a semisimple Frobenius manifold structure on the base space B\C . 
The flat metric ( , ) is defined by 
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for any d', d" € T t B. We denote h a p(z, t) = d a dpF(z,i), H(z,t) = det{h a/3 (z,t)). 
Let (h a @) be the inverse matrix of {h a p). Then from the residue theorem it fol- 
lows that 



,„ ™ _ ^ (3'F(M))(3"FM)) 



z=z( k )(t) 



Denote 



rf i {t) = H{z^{t),t), mi (t) = (H(z^(t),t) 



Then by using (2.20) and the identity 

diF(z,t)\ z=z ( k )^ = S ik 

we obtain 



(2.20) 



(2.21) 



(2.22) 



k=l 



H(z,t) 



E 



= * tf »7tt(t). (2.23) 



(2.24) 
(2.25) 



From the definition of the critical points (t) it follows that 

d t d a F(z,t)\ z=zW(t) = -h a p(z^(t),t)d iZ ^(t). 
d^it) = -h^(z^(t),t)did a F(z,t)\^ z(kHt) . 

By using these equations and the identity 

d x detA(x) = det A(x)Tr (A~' i (x)d x A(x)) 

for any nondegenerate matrix function A(x), we obtain 

8i ^ r = (h a P(z, t^Kpiz, t) - h a P( Zl t)d y h a p(z, t) h?%z, t) d t d a F{z, t)) \ z=zWit) 

= (h afi (z, t)dih af) (z, t) + d a h a " did^Fiz, t)) \ z = zW(t) 

=d a (h^iz^didpF&t)) \ z=zMit y (2.26) 

As above we denote hi = y/rjii the Lame coefficients and j^i = the 
rotation coefficients of the metric Y17=i Vuidui) 2 . Of the Christoffel symbols of 
the metric we will often use the coefficients rL with k 7^ i, so we introduce a 
notation for these coefficients 



T kl := T k kl = dtVkk - - ' - ' 



, =--d a (h^(z,t)d l d p F(z,t))\ z=zW . (2.27) 
2r/ fc fe 2 



Then 



hk r 

Iki — -j— 1 ki ■ 



(2.28) 



Remark 2.6 TTie equations (2.12) satisfied by the G-function of the Frobenius 
manifold can be rewritten as 



diG{u) = i ^2(ui - u k )T ki T lk - i ^(r fei - F 



(2.29) 
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The explicit expressions ofT^i given in Sec.^for the Frobenius manifolds asso- 
ciated to ADE singularities can be used to re-derive the known explicit formulae 
G = [1 7, 241 for the G-functions of this class of Frobenius manifolds. We can 



also obtain the explicit formulae (3.21), (3.23) for the G-functions of the Frobe- 
nius manifolds defined on the orbit spaces of the extended affine Weyl groups of 
AD type. I. Strachan proved the formula ( 3.21[ ) (see below) and conjectured the 
formula (3.23) in 



The equations (2.27) and (2.28) give us a formula for computing the rotation 
coefficients of the Frobenius manifold. However, one also needs to compute the 
derivatives of F(z, t) w.r.t. the canonical coordinates. To this end, starting 
from this point we assume that the miniversal deformation F(z,t) is given by 



F(*,i) = /(z) + £Vfc(z), 

3=1 

where <fix(z), ... , <f> n (z) is a basis of the Milnor ring. Define W : (C m ) T 

W(zi, ...,z n ) = det(0 i (z l )). 

Lemma 2.7 



diF{z,t) 



r (i-i) 



W(zW,...,z( n )) 



(2.30) 



Proof From (2.22) it follows that 



dP 



£^i(* (fe) (*)) = ^- 



So we have 



Next, let us consider the following system of linear equations for partial deriva- 
tives^F(z,i) = ^g^ 

M*) = - W&t) |j = M^iFi^t), 3 = 1, . . . ,n. 



The statement of the lemma now follows by using Cramer's rule. 



□ 



2.4 Rotation coefficients for P 1 -orbifolds 

Let p, q, r are positive integers satisfying 

111 

- + - 

p q 



> 1. 



It is shown in [22: that the quantum cohomology of the P 1 -orbifold Pp q r is 
isomorphic to the Frobenius structure on the space of tri-polynomials of type 
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We take m = 3, n=p + g + r— 1. A tri-polynomial is a function F : 

'xB->C, (M) ^ ^0M)> 

i) = -zVz 3 + P 1 {z 1 ) + P 2 (z2) + P 3 (z 3 ), (2.31) 
p-i 

P 1 (z 1 ) = J2 t i4 + zl (2-32) 

i=l 
9-1 



P 2 (2 2 ) = + *f > ( 2 -33) 

r 

P 3 (^) = X;Wl+i4, (2-34) 



i=0 
-m— 1 



where -B is an open set in C" x C* denned by the condition t n ^ 0. Let 
C C B be the caustic. Like in the previous section the critical values 

Ui(t)=F(z^(t),t), i = l,...,n. (2.35) 

define the canonical coordinates u % on B \ C. 

The flat metric of the Frobenius structure on the space of tri-polynomial is 



also defined by (2.19). One can easily see that all lemmas from the previous 



section hold true also for tri-polynomials. 

3 Examples 

3.1 The A n singularities 

In this case, m = 1, f(z) = z n+1 , cj)j = z n ~ 3 . 
Lemma 3.1 

w-o (3 - 1) 

Proof By using the identities 

n 

F'( Z ,t) =(«+i)n^- z(fc) w)' 
fc=i 

F"(z^(t),t) =(n + l)l[(z^(t)~z^(t)) 



and Lemma 2.7 the lemma can be easily proved. □ 
Lemma 3.2 

Ffcl(t) = (zW(t)- Z W(i)) 2 P"(z(')((),f)' (3 - 2) 



Proof It follows from (2.261 and Lemma 3.1 □ 



Remark 3.3 applying the residues theorem to the following two meromor- 
phic functions 

_ F(z) - F(z®) F"(z)-F"(zM) 
m{Z ' ~ F'{z)(z-z®Y> m{Z ' ~ F'(z)(z-z®)* ' 

one can easily prove that the G-functions of A n singularities vanish. 



18 



Now let us use the formula (3.2) to verify the validity of Conjecture 1.4 
for A n singularities. We use the critical points z^\ . . . , z^ n > and an additional 
parameter z^ ' to represent F(z, t) = z n+1 + 1 1 ^™ -1 + •••+£" as 

F(z,t) = \(z)= / (n+l)T[(Z~z^)dt; + z^ (3.3) 
Jo fc=i 

Note that z^\ . . . z^ are not independent as they satisfy 



z (n) = _ ■ 



n-l 

E^- (3-4) 

k=l 

We have 

«, = A(*W) > ^ = ^l = ^=y, ^ = ( Z W-%-))2- ^ 

By substituting these expressions into the formula (A.l) for G^ 2 \u, u x ,u xx ), we 
obtain a rational function of z^°\ . . . z t - n ~ 1 \ For n < 8 one can check with the 
help of a suitable symbolic computations software that this rational functions 
vanishes, so the Conjecture |1.4| holds true for such cases. 



Proof of Lemma\2,.h\for A n singularities. First we have 



v (/j + h 2 ) 2 x - 1 fA"(%) , A"(z,) 



l<i<j'<n 1 J l<i<j<n y 1 JJ \ \ JJ \ *J 

" \"(zj) + \"(Zj) 

For fixed i one has 

A"(^) + A"fe) A"(«) + A"(«i) 



V ^ = V Res _ 

2^-^)2 ^ *=" (z-z^\'(z) 



So 



A"(z) + A"(z t ) = 1 A< 4 )(^) 
C8 *- Zl (z-z,) 2 A'(z) 6 A»(z,) ■ 



» X"( Zi ) + X"( Zj ) ^ 1 ^ \W( Zi ) 

2^2^( z ._ z .)2 X i,( Zj ) 6 x"{ Zi ) 



iVRes ^M-iRes 
« ^ z=Zl A'(z) " 6 2=00 A'(z) 



i=l 

The lemma is proved. □ 
3.2 The D n singularities 

In this case, m = 2. Denote x — z 1 , y = z 2 and f(z) = a;™ -1 + x y 2 . A basis in 
the Milnor ring is given by 

= x"-^ 1 (j = 1, . . . , n - 1), <f> n = y. 
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The critical points arc determined from the following equations 



F x =(n - l)x n - z + ■■■+ t n - z + y 
F y =2xy + t n = 0, 



or, equivalently, 



t n 
2a;' 



(n - l)x n - 2 + ■■■+ t n - 2 + 



0. 



n\2 



Ax 2 



0. 



We introduce a function 



X(x,t) =x n ~ 1 + 



n\2 



(t n ) 

4x 



then the critical points and the critical values of F(z, t) are given by the ones 
of X(x,t). We denote = (xi,yi), 



Lemma 3.4 



diF(z,t) = 



1 x X'(x) t n {2xy + t n ) 



(3.6) 



x — Xi Xi X"(xi) 4xx 2 X"(xi) 
Proof We need to compute the denominator and the numerator of the right 



Since — — 4—, the denominator can be converted to a Vandermonde 



hand side of (2.30 1 

Since yi 
determinant 



2 X ]_ ' ' ' X r. 



Y[ ( x k~X t ). 



l<k<l<n 



To compute the numerator, we rewrite y as 

t n 
2x 

then split the determinant into two parts, 



2x 



W{z {1 \...,z( 

„n— 2 m n— 3 



rf.n—1 ™n— 3 



a?i 1 



'2xi 



X 1 
X n 1 



t" 
2x 



2x„ 



„n— 2 „n— 3 







„n—2 ~,n— 3 



Xi 1 



" 2 l! 



Xn. 1 



" 2x„ 



The first determinant is similar to the denominator, while the second one, by 
the Laplace expansion, is again a Vandermonde determinant, so we have 



W{. 



,(i) 



Ji-X) 7 Ji+l) 



2 tZ/ 1^ * * * X x 

(-1)" (v+ 



n n 



l<fe<Z<ri 

2x 



X Xfc 

Xfc 



l</c<2<ri 



Xi X]z 
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By using Lemma \2.7\ we have 



2 3j 1 • * * X ?] 



With the help the following simple identities 

X 2 \'{X) A XiX"{Xi) 



*;=i 



(i™) 2 

H". i» = (- 1 )" 4(n _ 1)I 

the proof of the lemma can be completed in a straightforward way. 
Lemma 3.5 



rfei — 



(x k -x t ) 2 2xi \"{xi) 



Proof It follows from cq. (2.26) and Lemma 3.4 



□ 

(3.7) 
□ 



Remark 3.6 By computing residues of the meromorphic functions 

, s _ {\(x) - \( Xl ))(x + Xj) 2 (x \"{x) - X t X"(Xj))(x + Xj) 

m[ - x >- ( X -Xi)*x\'(x) ' m[X) {x-XifxX'(x) 
one can easily prove that the G-functions of D n singularities vanish. 



To verify Conjecture 1.4 for D n singularities, let us represent X(x) = X(x,t) 

(3.8) 



in terms of Xi, . . . , x n -\ and xo in the form 
X(x 



J ° k=i 



■ x 



Here — = — V? , — . Then we have 



= X(xi), hi = ip it i = 



1 



y/2 Xi \"(Xiy 



Ho 



(3.9) 



By using these data, one can also verify Conjecture |1 .4| for small n. 
Proof of Lemma\2.h\for D n singularities First we have 



l<i<j<n 



[hi 



,2\2 n 



i=l j^i 



Xi + Xj Xi X"(xi) + Xj X"(xj) 
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For fixed i 



y-^ Xi + Xj Xi X"(xi) + xj X"(xj) 



= ^2 Res z 



z + Xi z X"(z) + Xi X"(xi) 



'- Xi {z- Xi y zx'(z) 

z + Xi z X" (z) + Xi X"( Xi ) 
(z-Xi) 2 zX'(z) 
2 (1 , X"'{xi) ( ZxiX^ixiY 



so 



Xi \Xi X" {xi) X"(xi) 
= 1 A'"(.xQ 3^A( 4 )(xQ 
x 4 A"(^) A"^) ' 

v - ^ Xi + Xj Xi X"(xi) + Xj X"( X j) 
_y- _ A^fa) _ ZxjXWjxJ X 

^ 1 „ , /A"'(z) 3^A( 4 )(z) 

= g - + (Res, =0 + Res, =oo) + -^-1 

=0 + + + + = 0. 



□ 



3.3 The E e and E 8 singularities 

In this case m = 2 and 

£ 6 : f(x,y) = x 3 + ? /, 
£ 8 : =x 3 +y 5 . 

Let zv = n/2, then f(x, y) = x 3 + y v+1 , and the miniversal deformation F reads 

F{z,t) = x 3 +p(y)x + q{y) 1 (3.10) 

where 

P (y) = J2*k y v -\ q(y) = y v+1 + £ f 
fc=i fe=i 

Here the indices of i's are written as subscripts for convenience. The critical 
points are determined from the following equations 

F x =3x 2 +p(y) =0, 
F v =p'(y)x + q'{y)=0. 

So we have x = —q'{y)/p'(y), and 

R(y) := R(F Xl F y ,x) = 3 </(y) 2 + p(y)p' (y) 2 = 0. 
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Here and below /2(w), u) stands for the resultant of polynomials /i and 

f 2 with respect to the variable u. J?(y)'s roots give us the y-components of all the 
critical points = {xk,Vk) {k = 1, . . . ,ri). The corresponding x-components 
Xfe's can be obtained from 

q'ivk) , _ , 

— , k — i, . . . , n. 

P\Vk) 

Lemma 3.7 Let A = R(q' (y) , p' (y) , y) . Then 

„> + l) 2y - 2 



W/(z (1) ,...,z (n) ) = 
Proof By definition 



n (w-w)- (3-n) 



W(z 



(i) 



. . . , z 



(n 



v—1 v—2 

xi y 1 xi y 1 



v—\ v—2 

x 2v y 2v x 2v y 2v 



l<k<l<n 



v — 1 v — 2 

xi 2/i 2/i 



v — 1 v — 2 

2^ y 2l/ 2/ 2i , 



So we have 



\fe=i / 

/ v — 1 / i/— 2 

3i 2/i ffi 2/i 



/ i/— 1 / v — 2 
927/ 2/2i/ 92i/ 2/2^ 



9l Pi 2/l Pi 2/l 



/ / v — 1 / 1/ — 2 
?2i/ P2f 2/2i/ P2v V2nu 



P'l 



P2v 



=\u-v\ = \u\-\v\. 

Here p- = p'(^) and q[ = q'{yi), and the matrices U, V read 



n— 1 n — 2 1 

2/1 2/1 ••• 2/1 1 



u 







V2/JT 


1 2/r 2 


• • • 2/™ 1 / 


( 4 














\ 







4 
















2* 4 





4 


2ii 










*5 


2* 4 





*2 


2ti 










*6 


2i 4 





*2 


2ii 




V 





*6 








* 2 y 




f 5 

















\ 





5 

















3* 5 





5 





3*i 








2* 6 







5 


2* 2 


3*i 





*7 


2* 6 


3t 5 





*3 


2t 2 3*i 





*7 


2t 6 


3* 5 





*3 2 *2 3 *i 








h 


2i 6 








*3 2t 2 


V 








*7 








0*3/ 



v = 3, 



1/ = 4. 



23 



The matrix U is just the Vandermonde matrix of y\, . . . , y n , so 



Kfe<Kn 



Then by the determinant formula for the resultant R{q' (y) , p' (y) , y) = A one 
obtain. 

|F| = (^ + 1) 2 A. 

On the other hand, according to the properties of resultant, we have 



IK 

k=l 



A 



So the lemma is proved. 
Lemma 3.8 We have 

d,F 



p'{% 



{y-yi)R'{vi) p'(y) 



^>(R(y)-3F y (x,y) s) 



□ 



(3.12) 



v = 3, 



„ I F y (x 2 ,y), 
L = < t 2 

I F y (xi,y) + f(y-yi)p'(y), v = L 



where £ reads 



Proof According to Lemma [2. 7| diF — W2/W1, where 

Wi = W(z {1 \ . . . , z (n) ), W 2 = W(z {1 \ z [l ~ x \z, z {l+1 \ . . . , z (n) ). 

We now have to compute W2. 

First we rewrite W2 in the following form 



W 2 = A(x - x) + B, 



where x = —q'(y)/p'(y), and 





xiVi 1 




■ Xi 




1 


vT 


2 


■ 1 


A = 


yU-l 




1 












• 






^2„ Z/ 2l/ 


' X 2v 


vlZ 


1 


vlZ 


2 


• 1 






I/-2 


■ Xl 


vV 


1 


vT 


2 


• 1 


B = 


xy v ~ l 


xy"' 2 ■ 


X, 


y u ~ 


1 


y v ~ 


2 


• 1 




X2 V vlZ 1 


v~2 

y 2v 


■ X2v 


vlZ 


1 




2 


• 1 



The determinant B is very similar to Wi, so one can obtain that 
n 1 P'iVi) u , x M , 

B= (v-y i )R'(y i )m R{y)Wl - 
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The determinant A is less easy to compute. By using Laplace expansion, 
one can obtain that 

A = {-iy+^^f 2 — P '( yi ) y,<;,,r i. 

3=1 

where is the (i, j)-th cofactor of the matrix U ■ V. 

Let Uki and Vki be the (k, l)-th minor of the matrices U, V respectively. Then 
the Binet-Cauchy formula implies that 

n 
k=l 

The minors Uik are similar to the Vandermonde determinants, 

TT Yli<s<t< n (y s ~ vt) / a \ 

% = (=iF n s ^-^) efc ~ l(yi) ' 

where ek(yi) is the fc-th elementary symmetric polynomial of yi, . . . , j/j, . . . , y n . 
Note that yi, ■ ■ ■ ,y n are roots of the polynomial R(y), so these elementary sym- 
metric polynomials can be expressed as polynomials of yi and coefficients of 
R(y). It is also easy to compute the minors Vkj. Their explicit expressions are 
simple but not illuminating, so we omit them here. 
By using the above results, we obtain that 

d t F = 1 /u l ] ( R (y) - 3 F v(^ y) s ) . 

(y - in) R'KVi) p {y) v > 



where 

v n 

^ y-Vt 



A 

j = l fc=l 

When v = 3, it is easy to show that £ = F y (xi, y). When v = 4, after a very 
lengthy computation, one can obtain that 

t 2 

£ = F y (xi,y) + —{y-y%)p'{y). 
The lemma is proved. □ 
Lemma 3.9 



r " = 3 (S^"' (3 - 13) 



where r\a = -p' (yi) / R' {yi) ■ 

Proof One can prove the lemma directly by using Lemma |3.8| □ 



Remark 3.10 The vanishing of the G-functions ofEe,E$ singularities can also 
be proved by the residue theorem, but the computation procedure becomes very 
long. 
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Although for Eg, Eg we obtain the formula ( 3.13 ) for the rotation coefficients, 
we still do not have a simple way to relate the variables yi with £j, as we did 
for the A n and D n cases. So at this moment we can only check the validity 
of the conjecture for the Eg,Eg singularities numerically. We first randomly 
generate the complex values of t\, . . . , t n , and solve the equations F x = 0, F y = 
numerically to obtain the values of the critical points . . . ,z^ n \ Then one 
can determine the data u 1 , hi, 7y. Our computation shows that Conjecture 
is valid in this numerical sense for the E§, E$ cases. 

Proof of Lemma\2.h\for E$, Eg singularities First we have 



1.4 



+ v Xi + Xj (hl + hjf 

^ llJ hfhS ^ (Vi-Vi) 2 h 2 h 2 

l<i<j<n 1 1 l<i<j<n yyi yj ' 1 3 

^f^(yi-yj) 2 \v>{yi)R'{yj) p'{ yi ) 2 R'{y 3 ) p'iy.) 



then for fixed i, 



._. (yi-yjy il'iyj) " ' (y Vi)* R{vY 

so we have 



l<i<j<ra 



^ 3 fep'Cw) "- w (i/-w) 2 W 



where 



a* (*«_!_) 

p (yi) y^y* d v V #(2/) y-VjJ 

n 

^2Res y=Vi g(y) = - (Rcs y=00 + Res a=roots of p / (w) ) .g(y), 

J3 pWW(^ #(2/) 
V2 P'(y) 2 

2 p'(y)2 flfc,) 

When n — 6, p 1 (y) has one root ?/ = — jf-< One can derive that 

, . 12 . . 12 

Res y=00 3(?/) = — , Res ja_ = — — , 



3(2/) 



2G 



so the n = 6 case is proved. When n = 8, denote ai, a2 the two roots of p'(y). 
We have 

, , , x 8(10*2*3 + 9*1*2*5 - 9t?te) 
Res y=ai 5(2/) = - Res y=a2 = — ^ ^ , 

and Rcs y=oc 5(2/) = 0, so the n — 8 case is also proved. □ 

3.4 The E 7 singularity 

In this case m — 2 and 

f(x,y) = x 3 +xy 3 . 
The miniversal deformation can be chosen in the form 

F(x, y) = x 3 + p(y) x 2 + q(y) x + r(y), where 

p(y) =hv + *2, q(y) = y 3 + hy + h, r(y) = t 5 y 2 + t 6 y + 1 7 . 

The critical points are determined from the following equations 

F x =3x 2 + 2p{y)x + q(y) = } 
F v =p'(y) x 2 + q'(y) x + r'(y) = 0, 

which imply x = and R(y) = R(F x ,F y ,x) = Q 2 - PS = 0, here 

P = 2pp' -3q', Q = 3r'-p'q, S = qq'-2pr'. 
Lemma 3.11 We have 



o lF = {y _ y ] }RI{m) ^ } {m - TO *< - W)TO - - Q(v)\ 

P[m) % + y,)F x - h -±F y ). (3.14) 



The proof of the above lemma is very similar to the one of Lemma |3.8| so we 
omit it. 



By using the above lemma and eq. (2.26), one can prove the following 



Lemma 3.12 Let Xk — Xk + \p(yk)- Then 



Tfei = 3 X% X \ r]u (3.15) 
Wi ~ VkY 



where r)u = P(yi)/R'(yi). 



The above expression of is similar to the one of the E s case. This fact 
has an interesting explanation. Let us first introduce a modification of the 
miniversal deformation of the £7 singularity 

F = x 3 + p(y) x 2 + q(y) x + r(y), where f(y) = r(y) + *§ y 5 . 

Make a coordinate transformation 

x = x+ ~p{y), y = r(v- jr^J > where r = (* 8 )s. 
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Then in these new coordinates the deformation F reads 

F = x 3 + f + (ii f + t 2 y 2 +t 3 y + h) x + i 6 f + h f + It y + t s , 

which is a miniversal deformation of an i?8-type singularity. Here U (i — 
1, . . . , 8) are certain rational functions of ti (i — 1, ... ,7) and r, we omit their 
explicit expressions here. 

Now let us take the limit r — > 0. Then it is easy to see that one of the 
canonical coordinates, say it 8 , goes to oo, and the other seven ones become the 
can onical coordinates of the original Ej singularity. By comparing Lemma |3.9| 



and 3.12 one can also prove that the Christoffel symbols T^i associated to the 
E$ singularity also tend to the Christoffel symbols Tki associated to the E-j 
singularity, whenever k,i — I, ... ,7. 

By using the above observation, it is easy to see that if the G-function of the 
Eg singularity vanishes, so does the G-function of the Ej singularity. Similarly, 
if Lemma |2.5| had been proved for the E% singularity, it also holds true for the 
E7 singularity. 

3.5 The P^orbifold of A M type 

In this case, m = 3, (p, q, r) = (p, q, 1), so n = p + q. The tri-polynomial F(z, t) 
reads 

F{z, t) = -z 1 z 2 z 3 + P^z 1 ) + P 2 (z 2 ) + t n _ x + t n z\ 
Its critical points are determined from the following equations 

d z xF = -z 2 z 3 + Piiz 1 ), (3.16) 
d z 2F = -z x z 3 + P2(z 2 ), (3.17) 
d z sF = -z x z 2 + t„. (3.18) 

We introduce an auxiliary function 

t" 

X(z) = Px(z) + P 2 (j )+t„-i, 

and denote z±, . . . , z n its critical points. It is easy to see that Zi coincides with 
the first component of the critical point «W of F(z, t), and the critical values of 
\(z) also coincide with the critical values of F, so we have u % — A(zj). 
The Hessian for F reads 

H =P['(z 1 )P!,'(z 2 )P^(z 3 ) - 2zW 

-(z') 2 P>>^)-(z 2 ) 2 PZ{z 2 )-{z 3 ) 2 P^z 3 ). 



Then by using (3.16)-(3.18), one obtains 

v ii = H(z^(t),t) = -zfX"(z i ). 

Lemma 3.13 



Z t (Z — Z l )A (Zi ) 
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Proof Introduce 

R(z) = Wz-Zi) = \'{z). 



By using eq. (2.22) and the Lagrange interpolation formula, one obtains 

d, (z*\(z)) = z\ 



_ R(z) 



(z- Zi )R'( Zl )-' 



which implies the formula (3.191 immediately. □ 
Lemma 3.14 

= 7 8 v77 v ( 3 - 2 °) 

(z fc - ZiYzi\"[Zi) 



Proof The proof of this lemma is very similar to the derivation of eq. (2.26|. 
We omit the details here. □ 

Lemma 3.15 

G(t) = -^. (3.21) 
Proof By using the residue theorem, one obtains that 

24 

On the other hand, comparison of the coefficients of z~ q in \(z) and di\(z) 
yields 

di\ogt n = -rju. 

The lemma is proved. □ 
Lemma 3.16 

1 -0 2 = l(p 3 + q 3 -p-q). (3.22) 




Proof Note that 



1—2 \ hihjZiZj 

^ = -z i A (zO, 7ij - 



(Zi - Zj) 2 ' 

so one can prove the lemma by using the residue theorem. □ 
3.6 The P^orbifold of D r+2 type 

In this case, m = 3, (p, q, r) = (2, 2, r), so ra = r + 3. The tri-polynomial -F(z, £) 
reads 

F(z, t) = -z 1 z 2 z 3 + (z 1 ) 2 + hz 1 + (z 2 ) 2 + t 2 z 2 + P 3 (z 3 ), 
Its critical points are determined from the following equations 

d z xF = -z 2 z i + 2Z 1 +t 1 
d z 2F = -z 1 z 3 + 2z 2 +t 2 
d z sF = -z 1 z 2 + P 3 {z 3 ). 
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Introduce an auxiliary function 

t 2 + z t\ t 2 + to 



A(z)=P 3 W + - 



and denote z±,...,z n its critical points. Similarly to the A p ^ q cases, we have 
u l = X(zi). 

The following lemmas are similar to the ones for the A PtQ cases, so we omit 
their proofs. 



Lemma 3.17 



di\{z 



^ = (A-zf)X"(z t ), 
A-z 2 \'{z) 



A-zf (z-Zi)\»(Zi)' 

A - z k Zi 



r] u (z k - Zi) 



2 ' 



Lemma 3.18 



Lemma 3.19 



G{t) = J ^t (3 - 23) 

Oi-Oa = l(r 3 -r) + 2. (3.24) 
6 

According to the results of Lemma [3.15[ |3.16| |3.18| |3.19| we have the follow- 
ing conjecture. 

Conjecture 3.20 For P 1 -orbij 'olds of ADE type, we have 

<?(*) = 1 -0 2 = hp 3 + q 3 + r a -p- q -r). (3.25) 
24 r o 

For P 1 -orbifolds of E type, we were unable to verify validity of the con- 
jectures, even numerically, because the numerical errors are too large in these 
cases. 

3.7 Some other examples 

Example 3.26 If the dimension of the Frobenius manifold equals 2, then it is 
easy to see that 

0l ~ 02 = 712 h \hi =0 ' 

since h\ + h\— 0. By using the formulae 



hi = v-l/i 2 , 712 = 

Ui - u 2 

one can easily prove the following 
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Lemma 3.21 The genus two G-function vanishes if and only if 

111 

Ml ~ 2' 3' 6' 

which correspond to A\ x A±, A2 and A\ t ± respectively. 

Note that the above three cases are also the only cases such that the genus 
one G-function G(t) is analytic on the caustics. 

Example 3.26 Let M be the Frobenius manifold corresponding to the quantum 
cohomology of P" (n > 2). Then G^ 2 \u, u x ,u xx ) £ 0. 

Indeed, the restrictions of the Q p terms onto the small phase space vanish, 
while the restriction of T2 on the small phase space does not vanish in general. 
More generally, we obtain the following criterion. 

Lemma 3.22 The restriction of J 7 ^ on the small phase space vanishes if and 
only i/ GC 2 ^ |„< t =x,«* tjo =o, i<i<n- 

Since P ra has non-trivial genus two Gromov-Witten invariants, so in this case 
G (2)( )^0. 



4 Conclusion 

It would be interesting to elucidate the geometric meaning of the genus two G- 
function G^ 2 \ In particular, the conditions for the vanishing of G^ = are of 
interest. Last but not least, finding of a higher genus g > 3 generalization of the 



decomposition (1.3) is the main challenge. We plan to address these problems 



in a subsequent publication. 
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A The genus two G-function 

The genus two G-function G^ 2 \u,u x ,u xx ) depends rationally on the x-jets of 
the canonical coordinates 

G^ (u, u x , u xx ) = £ G[ 2) (u, u x )u xx + £ Gf) (u) 
<=i W 
1 n 

i,j i=l 
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with coefficients written in terms of the Lame coefficients hi = hi (u) and rota- 
tion coefficients 7^ = Jij(u) of the semisimple Frobenius manifold. To simplify 
the expressions of these coefficients, we use the function 



2 . 

with these functions are given by the gradients of the isomon- 

odromic tau function of the Frobenius manifold [31 0] . Then we have 

( 2 ) _ d x hj Hj _ 3dihjHi 19 (djhj) 2 _ 7djhjd x hi 
i ~60u i!X hf 40 /if 2880 hj "fin.,, hi 



E 

k 



UOhihk 120 hih k \ u ix J 5760 hfh k 



likdkh k ( u k>x 7 \ ^ikd k h k dklikhk , di"/ ik h k u k , 



hihl V 1152m ^ 2880 / 384 /if 384 /if 1920u ljX /if 
datk dxlik + dkli k f u k x 7 \ i -i ik hid k h k 



2880 hih k ' 5760 Ui, x hih k ' hh k V 2880x4 ' 2880/ ' 2880 h\ 



ll ( 7< 19 \ , 7 f fe 



/if \1152vi 720/ 1440/1? 



El 2880 fr fe /i? ' 1920 vihihf ) 



+ 



(2) = _ 7o-gj 7 t 3 j _ _7^_ [ 9j7u \ J7|/_ / 3^/iA 

y 120 fc= 480 fti ftj 5760 ^ /if ^ J 5760 ^ h\ h) J 

^\ 5760 h\ 5760 /i fe V hj h J J ' 



2" r ,jfI,II, - ,,i) : \i,U, jijhidjhjHj 19-fijHj i) r . iJ f{ 



5hihj 20h i h? j 20 h* 30 h 2 60 hihj 

41 7y Al^jdijij i),-,, <),h, ^lijdjhj jijdihidjhj - ,,h .iOjh, . 



240 hihj 1440 /if 1440 ft*^ 1440 /if 720 /if ^ 288 ^ 



E 



[ lijlikHj _ "ii k "ij k hihjH k _ jtj^jkhjHj jikjjkhjHj _ 7-,,- ; ;./',//;, 
^ 60 /ij/ifc 30 /i| 60 /i^/ifc 60 /ij/if 60 /i|/i fe 

lijlikdjhj Jifjjklkdjhj _ - , 1. h,(),h , Jijjj k hjd k h k iiklj k hjhjd k h k 
' 720h)h k 2\0h]h k IteOhpl 720 h t 288 h l 

Ijkdijij hjh k jijdijik fcj(37ifc0j7ij +27ij9i7ifc) 7 hj^jd^h^lik) 



1440 /i./ifc 360 /if 1440/if/i fe 1440 /if 

hjhfjik d k jj k lijljk TJkJijJjk Il7»j7»fc 7 jfc h jlf k ljk \ 
480 /if. 120 /ij/ife 160 /i? 2880 /if 96 /if J 

E/ hjhjjgjji flu _ l]k \ _ hgijjji'Yki \ 
\ 79flh,„h 2 \ h, O.K.. I 79fl /).,./).? h 



720h k hf \ hi 2hJ 720 h k h? J 

k,l J 1 



32 



^ l 5 ft? 10 ft? 48 /if 120 ft? ^\ lOftiftfc 120ft?ft fc 

7d k (hkHk)Hi 7j ik dihiH k j ik H k (2Hi + 7H k )d l j lk 



240 hi 80ft?ft fe 576u ik hih k 240 hih k 

likh k Hi 3l7? fe Fj lik{dihi) 2 253^8^ d^dihi lj k d k h k 



576u lfc /if 144 /if 720ftfftfc 5760 ft? 960ft?ft fc 2880 ft£ 
7d fc (ftfc 1 7ifc) _ 7dj% k d k h k _ 4ld l ^ ik d i h i h k d l {h l ^ ik )d k h k 

1920 /if 5760 hih 2 k 5760 /if + 2880 /if 

1137, fc ^7tfc {Zdilik + d k j ik )ji k djj ik h k d k ~f lk jf k 

5760 ft? 1440 ftf 576uifcftf 576u lk h t h k 240 hih k 

E( Jkidi(hgu) lulki likla IkAlik , ui k j ik dij k t 



k.l 



2880ft fe ft? 2880 ft fe ft ; 240ftift fe 2880 ftjftj 1152u«ft i ft i 



144 ft? 1440ft?ft fe 1152 u tt ftf 40 /if 

In these expressions, the summations are taken over indices such that the 
denominators do not vanish. 



B General formula for the genus two free energy 

In this formula derived in [5] the following notations are used 



33 



A summation over repeated indices is assumed in each term of the formula 
provided the denominators do not vanish. 



1 ui v 7 «' 1 uf ^ 1 VZu'! 



1152 u f hf 1920 u f hf 360 u fhf 40 ^ «< fc? 

i \;,// f < »;" 19 y^<'fo 3 i v^X"^ 7 Vgv; 2 fc < 

640 u l3 ufh\ 2880 My m'^ /if L152 My „\ Irj A0u l3 u lk hf 
1 Vg.V <fc </i fc (32«i-7 U ' fc ) 1 VyV,? fc <fc i %F/ fe ^.< 



240 My u ifc u- /if 40 My u jk h? 48 My Ujfc u\ hi hj 

ZVlu'l 11 V^uf 29 VijVjku'^ hi h k (u' k - 2^) 



+ 



+ 



64 u% hf 480 „y /if 5760 u i3 Ujku'j 

i Fj,- Vjfc < fat K - <) i Vij Kfc < fe 3 frfc (54 M f - 25 < M ; - M ; t^) 

'384 Uij u lk u'j h] + 1920 u ~ j Ulk uf hf 

1 VijVjkvffhk (2 u'j-u^ 1 V l3 V 3k u> k u>i h k (27 u>+u> k ) 



576 UijUjhu'thih? 5760 u jk u ik ufh? 



19 Vy V,- fc < ftfc 



1 Vy ^- fe /i fe (27 u\ u' k -u'f + 2 tij u' fc ) < 



1920 UijUikhf 5760 u i3 u jk ufhf 



288 Ujfc u ifc /if 384 uy M ife u' fc /i| 576 u jk u ik u[ hi h k 
1 V lk V jk u' k u'l hi 1 Vij uf h 3 (11 u\ - 5 u$) _ 1 Vy < /i, 



384 u ik u 3k u'.h) 1920 MyM'f/if 5760 MyM'f/if 

1 Vy<^ (57 uf -27m>;.-u;. 2 ) x Vy<M 4u $- 3u 
+ 5760 4^ + Tl52" „l ,//,•< 

1 V l3 u' ]U '{ 1 Vy<< , 1 MMM^L 
576 ufj u\ hi h 3 1152 My u- u^- /ij 10 My u ifc u i; hf 

7 V* VI V U h, uf + 7 V* VI V U hi u\ u\ l V* V lk V& u\ u' k 



20 /if 40 u i3 u ik uu /if 8 u^ u ik u k i hi h k 

1 V^VkVuh (uf-3uf -2u' k uty 3 VlVikVkiKu'thi 
40 u ik Uki /if 40 u^ u ik u it /if 

1 VlVikVkih (iuf+uf) 1 V^V lk V kl h l u' l {2u' k -u' l ) 
40 u^ u k i u lt /if 48 u,^ u ik u k i hi hi 

5 Vg Vjfc tfr fefc fe; (4 M f - 4 < < + u' k u[) 83 ^2 M ,2 
96 Ui 3 Ui k uu hj 480 My uf k hf 
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l_ VjjVikVjiVkiu? 1 VijVikVjiVkiu? 1 VtVikVkiu'X 
144 u ik Uji uu hj 144 mj u lk u ki hj 48 u tj u ki u a h { hi 

29 Vij V lk Vji h k hi (u' k u\ - u' t u' k + 2 u' 2 - 2 u\ uty 



1920 ua u ik uu hj 



"3 



29 Vij V lk Vji h k hi u'j (2 u' k u[ + 2 u[ u'j - u'j u' k - 4 u\ u[) 



5760 u^ Ui k Uji hj u\ 

1 Vjj Vik Vji h k hi (4 u' t - 4 u' t u[ + u' k u[) 

2 1,2 



1152 UijUikUjihf hj 



1 Vj V ik Vji hi (u't u' 2 - 2 u'j u\ u'^j 29 ^ 



Vik Vji hk hi u' 2 (2 u\ - u' k ) 

384 u^ u lk Uji u' k h\ 5760 u ik Uji u a hf u\ 

1 Vjj Vik Vji hi uf (u'j - 3 u'f) 1 V l:j V ik Vj i hi u'j u' 2 

1152 u^ Uik uu u' k hi 384 u ik Uji u a u' k h\ 

1 VjVkVjihiu' 2 (3^-2^) 1 VijV i kVjih l u' j (u' j -2u' l ) 
1152 UijUjiUj k u' k h\ 288 u ik UjiUjkh\ 

1 Vj 3 -V; fc yj;fa i <(2<-3^) 1 Kj^fcVS;^^ 3 
576 u ik Uj k Ukih\ \Vi>2 Ujiu k iUuu' k h\ 

1 Vjj Vjfc Vji ft; wj 2 1 Vjj Vik Vji hk u\ (u' k 2 u^ 

288 u ik Uji Uki hi 576 u ik u jt u a hj hi 

7 V^ V lk Vu hj h k hi (s uf - 12 u' 2 u'j - u'j u' k u[ + 6 u • Uj u' fe ) 
1440 u i; ftf 

i VijVikVjiu'ku't 29 v^v^ 2 53 Vg-V^ft^X 

1152 u ik Uji Uki h k hi 1152 u l3 uj k hj 1920 UijU ik Ujkhf 

1 Vg Vjfc fefc (3 u' 2 - 8 < 2 ) yg y ik u > t hk / 27 , _233 , 

320 «ij «?fc ^< u?- Ujfc /i? 1,640 "* 2880 Ul 

V 2 Vk K h k f 233 67 ,\ 1 Vjg-Vi fc /ti< 3 1 V 2 Vikh t uf 

<k^h\ \2%m Ul 960 Uk ) + 1152 Uijuj k u' k hl 576 uj } u lk u' k h* 



u 



1 yg y jfc u j u > k 233 ftj uj 43 V?j h 3 u\ u'j l V% u\ u'j 



+ 



A%u t juj k h t h k 1440 u?.ft? 384 u?. ft? 12 u^ hi hj 
29 Vij Vife ftj h k (3 u^ u' k +3u'ju' k + 6 u\ u'j -6u' 2 -2 u' 2 ^j 



5760 ujj u lk hj 



29 Vij Vk u'j u' k hj h k (u' k - 6 u't) 1 Vj V ik u'j h k (2 u\ - u' k ) 



5760 uj k u[ hj 576 u^- u lk hj hj 

1 V ik Uij h k (3 uf u' k -3u' t u' 2 + u' fe 3 - uf^j 



1152 « 2 fc «W»? 



+ 



1 Vj Vk ^k hk (-uf + 3 u'/ u' k -Au't u'j u' k +2 u' 2 u'j - 2 uf) 

576 < ""/, «; /< : ; " 
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1 VijVikhk^-u'tu'* + u? -Gufu'^) x VijVikhkuf u' k 



384 



Uij u 2 jk u f j h 3 j 



384 u jk // //;; 

1 ftfe ^4 u[ u' k + v! k - 2 uf + 3 u^ 2 J 1 Vij V ik v! j u' k 

576 u ik u 2 k hj h k 



288 
1 



Vij V ik h k (2 u' t u' k 



2 



/2 , 



288 



384 u jfe u a fc u'j h) 

1 V$ u[ (37 u[ u' 3 h) + 10 u[ u'j tif-Zufhl + ll u'/ h 
"1152 



U l U 'j h2 i h2 3 



1 Kjfti(4uJ 8 + 4u>; 2 -6«{ 2 ^-uf) ! 



576 



/> 3 



576 u^j hi hj 
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